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for pe 2" (R"), and
(5T)¢:j1£ i laaa Beg=S1 DR T

@

for ye2""Y(R™); clearly T is a locally normal current. We also see from
4.3.2(1) that, for ¢ €2"(R"), '

1) [SLp ol 21 el T e d0> (S0 (L ) ds x
4.5.9. Theorem. ]ff is a real valued #" measurable function such that
T=E'l feN (R
A(x)=(#" ap lim inf f(z)eR for xeR",

Z—a X

Jibg=A ap lim sup fiz)eR fonwmcRy

and if

F(x)=[A(x)+u(x)]/2 for xeR",
G=Rueailpe 1085 ey}, 3 SEERa@E - G
C=R"™ 0 {y: A0 -, V) S Vpir UG, 1)),
E=R"n{x: A(x)<pu(x)},

then A, u, F, G, S, C, E are uniquely determined by T (because f is %" almost
determined by T') and the following thirty-one statements hold -

(1) If f R" — R is locally Lipschitzian and
g:“4ﬁlv¥_”—>R”“, Blbe—(x o, 00 for xeRE
then g is locally Lipschitzian and :
S=g4+E",  |[Sl=g+[£"L(1+I|Df}?].
(2) A, u, F are Borel functions.
(3) For "~ almost all x in R", — oo < A(x)< u(x) < oo.
(4) SeRlc(R"+1),
) ISl=2#"L C.
(6) For ¢e@"(R"), T($)=S(Y,,1 Ap* ¢) and E"(¢)=S(p* ).
(7) For ye 2" '(R"), @T)y=—S(DY,, , Ap*y).
@) 1T =ps ISLDY; A~ ADY, A Y, 4]
9) Z"=pyISLDY; A A DY,].
(L0)d o= pal S D Y i gnds for defls. o),
IOT).DX, A---ADX,_{ADX, ;A---ADX|
SRR L DT i

(11) L7+ 0T =p4 IS].
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(12) For &' almost all real numbers s,
D4 45, ¥, i8> == 0 [HRl{x L) =sile 2,2 (RY).
g2} pr2ofl - Ge fke i and
0T || =[ I0[E"L {x: f(x)>s}]]| d<* s.
(14) For every ||0T | integrable R valued function k,
loril= .08 e kil d e s
(15) For every Borel subset W of E,
0T | (W)=2"[Cp™ (W)]= [ (u—A)dot"".

(16) E is countably (#"~ 1, n—1) rectifiable.
(17) For #"~* almost all b in E there exists ueS"~" such that
a(x: f()25),b]=u and nLG,(s, ... by 1=l 1,0

whenever A(b)<s<pu(b).
(18) If n>1, Rand o are as in 4.5.2, teR,

PRA{x: [G)>10]< L (R)2, L[Rn{x: f(x)<t}]<L"(R)/2,

and f=n/(n—1), then
(/) =t 42" x)P <o |0T || (R).

(19) If n>1,cisasin4.53,beR", 0<p <o, teR,

LU, p)n {x: f(x)>t}]<a(n) p"/2,
LU b, p)n {x: flx)<t}]<aln) p"/2,

and f=n/(n—1), then
(0= fu,m 1[5} —1IF 42" x) < g p*~" 0T || U (B, p).
(20) If A(b)=pu(b)eR, n>1, f=n/(n—1) and o is as in 4.5.3, then
lim Stip(p_” o, o |/ x)=F(B)P d&" M <gam—1)@*"(||oT |, b).
p—

(21) If n>1, then, for "~ almost all b in R"~E,
lim p=" i LS ()= FB)=D 42" x=0.

3jx
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(22) If n>1, then for #"=1 almost all b in E the vector u characterized
by (17) satisfies also the conditions

lim p~" [o+0. e a0

p— 0+
with Q% (b, p)=U (b, p) N A {x: (x—b)eu>0}, and
lim p—n YQ - ‘f( b)|n/n 1) dgnx 0
p— 0+

with 0~ (b, p)=U (b, p) {x: (x—b)su<0}.
(23) If n=1, U is an open interval and

r=inf{s: DU A {x: f(x)<s}]>0},
t=sup (s LU O e )>s5)]1>0},
thent—r<||0T || (U); consequently
VP F<||aT| {x: a<x<b} for —oo<a<b<oo,

{l(b),u(b)}:{ li‘IbnﬁF( x), hmF )} for beR.

(24) For 2"~ " almost all b in R",
F(b)= lim [ f(b+ez)¥(z]) Ay z= hm jf e b—x))dL" x

e— 0+
whenever V is a real valued 1 measurable function with compact support
such that

NS [ () qot pe=liignd. dgats Ly ()" dF  r<oo;

furthermore {I; 1gn, b=01b)d
(25) For ||0T| almost allbin R"~E,

TP =+nl(x: f)=FB)}b]=—(Auy D)1/l

where 77:§(b1, i EBIE T

(26) For " almost all b the function f has an Z" approximate dif-
ferential L at b such that

(I) either @”(HOT\\ b)=0 and L;O
or L=—D,_,[6"(18T|l,0) dT ()},
(I1) in case n>1 and i =15
. e f(x)‘f(b)_L(x—b) ; n
Jim g2 g S T S
(II1) in casen=1, L is the differential of F at b;
Sl Ta s il = D' (M/|M|) with
B Lopiel Riot
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Clilrenalaied L2 )
Qi(x):(xla"':Xi-—laxi+l>"'> n) R"~ 1]07 D‘ERH

= R e R A yER
v i=le SR, dage R tor zeRist -teR,

and if W is a Borel subset of R", Z isa Borel subset of R" ™!, —co< o< f <00,
yeD°(R"), sptyc {x: o <x;<f}, then

[T Q|| W)=[NIp|Cnp~ (W), v] d&L" v,
”(aT)L*QxH {X: C_]i(X)EZ,O(<Xi<ﬂ :jZ 51_1'1’1”1 Vaﬁ+56<Fole2) il

@T)(y A Q)=[[2(yoxs) d(F oy .) s

(281 m=1,; W is . Borel subset of R, —o0o<o<f< o0, veD°(R),
sptyc {x: 0/<x</3} hen

10T || (W)=[N[Y,|Crp~'(W),v]dZ" v,
H@Tﬂ{x:a<x<[)’}:5irgl+Vf+gsF, 0T)(—7y)= j”de

(29) In case n>1 the following three conditions are equivalent:
(I) For WcR", #"~{(W)< oo implies 0T | (W)=
(II) F is (£") approximately continuous at A" almost all points
of R".
(I1) For i=1,2,...,n the functions Foy, , corresponding to el
almost all z in R"™! are continuous on R.
In case n=1 the equivalence holds provided (III) is replaced by the
condition that F be a continuous function.
(30) In case n>1 the following six conditions are equivalent:
(I) For W<R", &"(W)=0 implies | 0T || (W)=
(I) For W cR", &"(W)=0 implies #"[Cnp~ ' (W)]=0.
P, =27 D F o 5 0 5o
@ e el=" 11D f oy i=il 2% .. .5
(V) For i=1,2,...,n the functions Foy; , corresponding to ook
almost all z in R"~1 are absolutely continuous on R.

(V1) There exists a sequence of functions f;e&°(R") such that, for
every compact K < R",

lim fx|f;—f1dg"=0 and  lim [¢)Df;=D fill d£"=0.
di o) @, o

Jik)—
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Furthermore (V1) implies, for every compact Kc<R",

lim [ ID f;—ap D /| d. P =1,

S B9

In case n=1 the equivalence holds provided (V) is replaced by the
condition that F be an absolutely continuous function, and @ is replaced
by —1.

(31) If n>1, f=n/ln-1) and M(0T)< o0, then there exists a unique
ceR such that

[f 1/ ()= clf 427 x]" <n™" a(m) =" M(T).

In case spt [ is compact, then a0

In case f is integer valued, then ¢ is an integer and
M@= EY = nla(n)" " M(OT).

Proof of (1). In this case we define the locally Lipschitzian homeo-
morphism h of R"*' onto R"*! by the formula

ROY= (1, s Vs Yua1 + S Qs o> v)) for yeR"™H,
observe that G =h{y: y,,1<0},g=hep* and use 4.1.26,4.1.8 to compute
S= (= 1) Ohy (B L {3t parr <0Y)
—hy [(— 1) AE™ L {y: yu <OP]=hy PRE =g+ E',
because O[E" x (E'L {t: t<0})]=(—1)"E"x 0. From 4.1.25 and 3.2.3
we see that
IS = 2" im g=g4 (L7, &),
since g is univalent, and for @" almost all x we obtain
D,-g(x)zai—%Dij:(x) g, for i=1,...,m,
(eg Ao ~ey, N, Dgx))=D; g(x) A AD, g(x)
=g BeR A Bk iDif(x)el/\---/\ei_lx\s,,ﬂ/\siﬂ/\--- /\;8,,,
=

(] (=14 3 [Di f(¥]2=1+DfEOP.
i=1

Thus we have verified (1). However we proceed to amplify our discus-
sion of the locally Lipschitzian case by some observations which will be
useful in the sequel. Noting that peg= g~ We obtain

DS s or [ Al =2t 0D Gl = 1eTH




